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Propositional logic: syntax

Let X be a set of variables.

Propositional formulas over X are defined inductively:

>

>

>
>
>

constants 0 and 1 are formulas

each variable x € X is a formula

if Fis a formula, then so is —=F

if F and G are formulas, then so is (F A G)

if F and G are formulas, then so is (F v G)
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Some definitions

V/(F) is the set of variables occurring in F:
> V0)=V(1)=0 V(x) ={x}
> V(—F)=V(F)
» V(FAG)=V(FvG)=V(F)UuV(G)

Size |F| of F:

> 0=l =Ixl=1

> [~F| =|Fl+1

> |[FAGI=|FVvG|=|Fl+|Gl+1

T(F) is the set of subformulas of F
> T(0)={0} T(1) ={1} T(x) ={x}
> T(—F)={—F}UT(F)
> T(FoG)={FoGIUT(F)UT(G) foro=nA,v
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Semantics

An assignment for F is a finite partial map o« : V(F) — {0,1},
written as [xy ¢ €1,..., Xk ¢ €]

where x; € dom & C V(F) and €; = «(x;) €{0,1}.

Value Fx is computed:

> Replace every x € dom « by a(x)

» Simplify according to the rewrite rules:
> -0~1, —-1~0

FAO,0OAF ~~ 0,

FAL,1AF ~ F

FvO0,0vF ~ F,

Fv1,1vF ~ 1

A\ A A /
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Satisfiability

Assignment « ist total, if dom o« = V/(F), otherwise partial.
« total: Fo €{0,1}

« partial:  V(Fa) C V(F)\ dom «.

o satisfies F, written x = F, if Foa = 1.
F is satisfiable, if & = F for some «.

F is a tautology, if o = F for all total «.

F and G are equivalent (F = G) if Fo = G« for all total o.
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Negation normal form

A literal is a variable x or a negated variable —x.

Formulas in negation normal form (NNF) are defined by:
» 0, 1 and literals are in NNF,

» if F and G are in NNF, then so are FA G and F v G.

Thus: F is in NNF if negations occur only at variables.
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Negation

For a formula F in NNF, the formula F in NNF is defined by:
»0=11=0

> X=X

» if F =—x, then F = x
> if F=GAH, then F=Gv
> if F=GVvH, then F=G A

Lemma
For F in NNF, F = —F.
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Construction of NNF

Theorem
For every formula F, there is n(F) in NNF with n(F) = F.

Proof: By construction:
» F=x, F=0or F=1arein NNF, so n(F) =F.
» For F = G A H, by induction we have n(G) and n(H) in NNF.
Let n(F) := n(G) A n(H).
» Analogously for F = G v H.

» For F =—G, by induction we have H := n(G) in NNF.
Let n(F) = H.
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Disjunctive and Conjunctive Normal Form

Formulas in disjunctive and conjunctive normal form
(DNF and CNF) are defined by:

> A term is a conjunction a; A ... A ak of literals.
» A clause is a disjunction a; V...V ak of literals.
» A formula in DNF is a disjunction T; v ...V T, of terms.

» A formula in CNF is a conjunction C; A ... A G, of clauses.

Every formula in CNF or DNF is in NNF.

Theorem

For every formula F, there are F in CNF and F in DNF
with E=F=F.
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Exponential Blowup

Theorem

There are formulas F,, in CNF of size |F,| = O(n)
s.t. every formula G, = F, in DNF is of size |G,| > n2".

Corollary
There are formulas F, in DNF of size |F,/| = O(n)

n

s.t. every formula H, = F! in CNF is of size |H,| > n2".

n

22/138



Width of clauses

The width w(C) of a clause C = a; Vv ...V ax is k.

A formula is in k-CNF if every clause C in F is of width w(C) < k.

Theorem

For every k, there is a formula F in (k + 1)-CNF,
for which there is no F' in k-CNF with F' = F.
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Notation

Clause C = a1 V...V ag is identified with the set {a1,..., ak}.
CNF-formula F = C; A ... A Cpy, is identified with the set {Cy,..., Cpl}.
Let F\ C:= F\{C}.

For every formula F in CNF, we denote by
> n the number of variables in F
> m the number of clauses in F
> k the width of F.
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