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Question 1 (Theorems and Definitions): (15 points)

a) [5 points|] Write down the definition for a category to have binary products. Give an example of
a category with binary products.



Name: 2

b) [5 points] Give an example of a category without neither product nor coproduct. Briefly justify
your answer.



Name:

c) [5 points] Write down the statement of Yoneda’s lemma.



Name: 4

Question 2 (Projectiveness): (20 points)

A notion related to the existence of choice functions is that of being projective: an object P is said to
be projective if for any epi e : E — X and arrow f : P — X there is some (not necessarily unique)
arrow f : P — E such that eo f = f, as indicated in the following diagram:

K
.
Pt x

a) [ points] The axiom of choice says: Let I be an index set, and for each i € I, let A; be a

nonempty set. Then there exists a choice function f : 1 — |J;c; Ai, such that for each i € I, we
have f(i) € A; € U;er Ai-

Use the axiom of choice to prove that for every surjection e : E — X, there exists a function
s: X — FE, called a section of e, such that e o s = idx.

b) [5 points] Assume the axiom of choice. Indicate whether there exists a non-projective object in
the category Set. Briefly justify your answer.



Name: 5

¢) [10 points] A retract of P is an object P’ such that there exist morphisms ¢’ : P — P’ and
s: P — P’ such that ¢’ o s = idpr.

Show that in any category, the retract of a projective object is also projective. Include both of
the following in your proof:

e a sequence of equations, and

e a commutative diagram with all the morphisms occurring in your equational proof.
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Question 3 (Examples): (15 points)

a) [8 points] Give an example of a finite limit in the category that consists of sets and binary
relations. Specify the underlying diagram of the limit. Justify your answer. Make sure that
your answer includes the explicit construction of the finite limit.
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b) [7 points] Give an example of a category with a zero object (i.e., the initial object and the
terminal object coincide). Justify your answer.
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Question 4 (Adjunction): (30 points)

a) [20 points| Consider the adjunction F' 4 U such that F' : Set — Grp is the free group functor and
U : Grp — Set is the forgetful functor.

(i) [10 points] Conclude that U preserves finite products by both of the following two approaches
1. Show that U is representable.

2. Conclude that U preserves finite products by using a general theorem about adjunc-
tions. Write down the full statement you rely on.
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(i) [10 points] Describe the unit and the counit of the adjunction F' 4 U.
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b) [10 points] Consider the diagonal functor A : Set — Set x Set. Indicate whether A has a left
adjoint and whether it has a right adjoint. Justify your answer.



Name:
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Question 5 (Power Set Monad):

Consider the association that sends each set X to its power set P(X).

a) [b points] Prove that the association X — P(X) defines a functor P : Set — Set.

(20 points)



Name: 12

b) [7 points] Specify a monad structure on the endofunctor P by defining the unit 1 and the
multiplication g. You do not need to prove the monad laws, nor prove the naturality of n and

L.
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c) [8 points] The associativity law for a monad P can be stated as the condition that the following

diagram commutes.

PPP — L pp

P w
PP —— s P

Describe the two natural transformations Pu and pp componentwise.
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d) [5 points] Give an example of an algebra of the monad (P, n, u). (Hint: Consider the supremum
operation on a finite lattice, e.g., the max operation on a finite set of natural numbers.)



Name:
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