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Abstract. We study the expressive power non-size increasing recursive
definitions over lists. This notion of computation is such that the size of
all intermediate results will automatically be bounded by the size of the
input so that the interpretation in a finite model is sound with respect to
the standard semantics. Many well-known algorithms with this property
such as the usual sorting algorithms are definable in the system in the
natural way. The main result is that a characteristic function is definable
if and only if it is computable in time O(2p(n) ) for some polynomial p.
The method used to establish the lower bound on the expressive power
also shows that the complexity becomes polynomial time if we allow
primitive recursion only. This settles an open question posed in [1,6].
The key tool for establishing upper bounds on the complexity of derivable functions is an interpretation in a finite relational model whose
correctness with respect to the standard interpretation is shown using a
semantic technique.
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Consider the following recursive deﬁnition of a function on lists:
twice(nil) = nil
twice(cons(x, l)) = cons(tt, cons(tt, twice(l)))

(1)

Here nil denotes the empty list, cons(x, l) denotes the list with ﬁrst element x
and remaining elements l. tt, ff are the members of a type T of truth values.
We have that twice(l) is a list of length 2 · |l| where |l| is the length of l. Now
consider
exp(nil) = cons(tt, nil)
(2)
exp(cons(x, l)) = twice(exp(l))
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We have |exp(l)| = 2|l| and further iteration leads to elementary growth rates.
This shows that innocuous looking recursive deﬁnitions can lead to enormous growth. In order to prevent this from happening it has been suggested
in [?,10] to rule out deﬁnitions like (2) above, where a recursively deﬁned function, here twice, is applied to the result of a recursive call. Indeed, it has been
shown that such discipline restricts the deﬁnable functions to the polynomialtime computable ones and moreover every polynomial-time computable function
admits a deﬁnition in this style.
Many naturally occurring algorithms, however, do not ﬁt this scheme. Consider, for instance, the deﬁnition of insertion sort:
insert(x, nil) = cons(x, nil)
insert(x, cons(y, l)) = if x ≤ y then cons(x, cons(y, l)) else cons(y, insert(x, l))
sort(nil) = nil
sort(cons(x, l)) = insert(x, sort(l))
(3)
Here just as in (2) above we apply a recursively deﬁned function (insert) to
the result of a recursive call (sort), yet no exponential growth arises.
It has been argued in [3] and [6] that the culprit is deﬁnition (1) because
it deﬁnes a function that increases the size of its argument and that non sizeincreasing functions can be arbitrarily iterated without leading to exponential
growth.
In [3] a number of partly semantic criteria were oﬀered which allow one to
recognise when a function deﬁnition is non size-increasing. In [6] we have given
syntactic criteria based on linearity (bound variables are used at most once) and
a so-called resource type ✸ which counts constructor symbols such as “cons” on
the left hand side of an equation.
This means that cons becomes a ternary function taking one argument of
type ✸, one argument of some type A (the head) and a third argument of type
L(A), the tail. There being no closed terms of type ✸ the only way to apply cons
is within a recursive deﬁnition; for instance, we can write
append(nil, l2 ) = l2
append(cons(d, a, l1 ), l2 ) = cons(d, a, append(l1 , l2 )

(4)

Alternatively, we may write
append(l1 , l2 ) = match l with nil⇒l2 | cons(d, a, l1 )⇒cons(d, append(l1 , l2 ) (5)
We notice that the following attempted deﬁnition of twice is illegal as it violates
linearity (the bound variable d is used twice):
twice(nil) = nil
twice(cons(d, x, l)) = cons(d, tt, cons(d, tt, twice(l)))

(6)

The deﬁnition of insert, on the other hand, is in harmony with linearity provided that insert gets an extra argument of type ✸ and, moreover, we assume
that the inequality test returns its arguments for subsequent use.

60

Martin Hofmann

The main result of [6] and [1] was that all functions thus deﬁnable by structural recursion are polynomial-time computable even when higher-order functions are allowed. In [7] it has been shown that general-recursive ﬁrst-order
deﬁnitions admit a translation into a fragment of the programming language
C without dynamic memory allocation (“malloc”) which on the one hand allows one to automatically construct imperative implementations of algorithms
on lists which do not require extra space or garbage collection. More precisely,
this translation maps the resource type ✸ to the C-type void * of pointers. The
cons function is translated into the C-function which extends a list by a given
value using a provided piece of memory. It is proved that the pointers arising
as denotation of terms of type ✸ always point to free memory space which can
thus be safely overwritten.
This translation also demonstrates that all deﬁnable functions are computable on a Turing machine with linearly bounded work tape and an unbounded
stack (to accommodate general recursion) which by a result of Cook1 [4] equals
the complexity class DTIME(2O(n) ). It was also shown in [7] that any such function admits a representation.
In the presence of higher-order functions the translation into C breaks down
as C does not have higher-order functions. Of course, higher-order functions can
be simulated as closures, but this then requires arbitrary amounts of space as
closures can grow proportionally to the runtime. In a system based on structural
recursion such as [6] this is not a problem as the runtime is polynomially bounded
there. The hitherto open question of complexity of general recursion with higherorder functions is settled in this work [8] and shown to require a polynomial
amount of space only in spite of the unbounded runtime.
We thus demonstrate that a function is representable with general recursion and higher-order functions iﬀ it is computable in polynomial space and an
unbounded stack or equivalently (by Cook’s result) in time O(2p(n) ) for some
polynomial p. The lower bound of this result also demonstrates that indeed all
characteristic functions of problems in P are deﬁnable in the structural recursive
system. This settles a question left open in [1,6].
In view of the results presented in the talk (see also [8]), these systems of
non size-increasing computation thus provide a very natural connection between
complexity theory and functional programming. There is also a connection to
ﬁnite model theory in that programs admit a sound interpretation in a ﬁnite
model. This improves upon earlier combinations of ﬁnite model theory with
functional programming [5] where interpretation in a ﬁnite model was achieved
in a brute-force way by changing the meaning of constructor symbols, e.g. successor of the largest number N was deﬁned to be N itself. In those systems it
is the responsibility of the programmer to account for the possibility of cut-oﬀ
when reasoning about the correctness of programs. In the systems studied here
linearity and the presence of the resource types automatically ensure that cutoﬀ
1

This result asserts that if L(n) > log(n) then DTIME(2O(L(n)) ) equals the class of
functions computable by a Turing machine with an L(n)-bounded R/W-tape and
an unbounded stack.
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never takes place. Formally, it is shown that the standard semantics in an inﬁnite
model agrees with the interpretation in a certain ﬁnite model for all well-formed
programs.
Another piece of related work is Jones’ [9] where the expressive power of
cons-free higher-order programs is studied. It is shown there that ﬁrst-order
cons-free programs deﬁne polynomial time , whereas second-order programs deﬁne EXPTIME. This shows that the presence of “cons”, tamed by linearity and
the resource type changes the complexity-theoretic strength. While loc. cit. also
involves Cook’s abovementioned result (indeed, this result was brought to the
author’s attention by Neil Jones) the other parts of the proof are quite diﬀerent.
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