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Let M |= PA be nonstandard, and I a proper cut in M. We assume a
Godel-numbering of syntax and semantics as in Chapter 9 of [2] and use
the notation of this book, but unlike Kaye we do not distinguish between
formulae and elements a € M satisfying form(a). A denotes the (code of
the) empty sequence, and a b the sequence that results from appending the
number b to the sequence a.

Throughout we assume that [ is closed, i.e. if ¢ and ¢ are formulae in 1
and z is a variable in I, then ¢ A, @ v i), =, 3z ¢ and Vz @ are also in
I. In most places, we would only need a weaker condition, namely that I is
closed under A, v and existential quantification for ¥, -formulae, but for a
natural Godel-numbering the two notions coincide.

A satisfaction class on M is a subset S C M x M such that if (p,a) € S,
then M | form(yp) and a is a sequence of elements of M whichs length is
at least the (possibly nonstandard) number of free variables in ¢, and the
model M expanded by S satisfies the Tarskian truth conditions formulated
in the language of PA with a binary relation symbol S, based on a truth
definition for atomic formulas (cf. [2, Ch. 15] or [3]).

On every model M there exists the standard satisfaction class Sy, the set of
pairs (p,a) where ¢ is a standard formula and M E ¢(a).

For n > 1, we define the set K}(M,S) of those elements in M which are
definable by (non-standard) ¥,-formulae in I using the satisfaction class S
by

K}(M,S) = {be M; Ipeldacl

(M, S) | formy, (p) A S(p,axb) AVz S(p,a*z) =z :b} .
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At first glance, it might seem superfluous to work with satisfaction classes
when dealing with 3,-formulae only, since there is a definable satisfaction
relation Satys, (¢, a) for such formulae. Nevertheless, when using this defin-
ition, every nonstandard .,-formula gets a fixed value for each assignment,
so we lose a possibility of variation. That such possibility exists shows the
following

Proposition 1 There is a countable model M |= PA, a ¢ € M such that
M = forma,(¢) and satisfaction classes S1, S2 on M such that (M, S1) =
S(QO, >‘) and (Ma SQ) ): _‘S(QO, >‘)

Proof: Let M be such that there is a full, Agp-inductive satisfaction class
S1 on M. Let furthermore ¢ := A;.,0 = 0 for some N < a € M. Then
since S is Ag-inductive, (M, S1) = S(p, A).

On the other hand, since by fullness of Sy, M must be recursively satu-
rated, the construction of [2, Thm. 15.6] yields another (so-called weakly-A-
pathological) satisfaction class So with (M, S2) = S(—¢, A). O

A satisfaction class S is called X, (I)-full if for every %, -formula ¢ in I and
every valuation a € I (i.e. a sequence of elements of I of suitable length)
either S(p,a) or S(—p,a) holds in (M, S).

Theorem 2 If S is X, (I)-full, then K}(M,S) <x, M.

Proof: First it is obvious that K}(M,S) is a substructure of M if the
conditions of the theorem are fulfilled.

It suffices to show the following: If b € K?(M,S) and o(z,7) is a M,_1-
formula such that M = 3z ¢(z,b), then there is a ¢ € K?(M,S) such that
M = ¢(c,b). By induction, there is a unique ¢ € M such that

M = o(c,b) AVz <c—p(z,b) .

We only have to show that ¢ € K?(M, S). Let the parameters b = by, ..., by
be defined by nonstandard X,-formula Si,...,8; in I with free variables
i,z and a sequence of parameters a € I, i.e. for each 7 < k

(M,S) = S(Bi,axbj) \Nz S(Bi,a*xz) = x =0 .

By collection, Vz < z =p(z,b) is equivalent in M to a 3,_;-formula ¢ (z, D).
Now let

0= 30 B1(@01) A .. A (G vk) A (2 5) A (2,0)
then since [ is closed, 7 is a Y,-formula in I, and since furthermore S is
Y, (I)-full, we have that

(M,S) = S(n,a*c)aVeS(naxz) —>z=c



by the properties of a satisfaction class and the fact that £ € N and ¢ and
1 are standard formulae. O

From the Theorem we immediately get the following
Corollary 3 If S is 3, (I)-full, then Ki(M,S) =1%,_;.

Let Saty,, be a natural truth definition for ¥,-formulae. Then we say that
a satisfaction class S on M is %, (I)-compatible, if for every ¥,-formula in
I, and every valuation a € T

(M,S) = S(p,a) < Sats, (¢, a) .

Recall that the formula Saty, is equivalent to a ¥, -formula in PA.

Theorem 4 If S is 3,(I)-full and %, (I)-compatible and I & K}'(M,S),
then K7'(M,S) = B%,.

Proof: Let b € K7(M, S), then there is a ¥,-formula ¢ € I and a sequence
of parameters a € I such that (M, S) = S(p,axb)aVz (S(p,axz) = = =Db).
Consider the standard formula

n(baw) = 3907 a (’U) = (‘107 a’> A Sath (‘Pa a * b)) )

which is equivalent to a ¥,-formula in M, and let ¢ € K} (M, S) \ I, which
is non-empty by assumption. Since [ is closed, the pair (p,a) is in I, and
thus

M = Jw<en(b,w)

by S being X, (I)-compatible. But this formula is ¥,,, hence by Thm. 2 we
have
K} (M,S) =Vb<cIw<cn(b,w)

since b € K7(M,S) was arbitrary. Now suppose K7'(M,S) = BY,, then
the last sentence would be equivalent in K}(M,S) to a ¥,-formula, and
hence by Thm. 2 again, M would also satisfy Vb<c¢ Jw <cn(b,w). On the
other hand,

M = n(by,w) An(by,w) — by = by

for suppose M satisfies n(by, w) and n(be, w) for w = (p,a), then we would
have by %,,(I)-compatibility S (¢, a*b;) and S(p,axbs) both hold in (M, S),
hence by = bs.

But then n(b, w) would define a 1 — 1 map from ¢+ 1 to ¢ in M, and so the
pigeonhole principle in M (cf. [1]) would be violated. O



Observe that we can easily find a model M |= PA, I C, M and a X,(I)-full
and X, (I)-compatible satisfaction class S on M such that I and K™(M) =
K{ (M, Sy) are both properly contained in K7 (M, S):

Let M be such that K" (M) is nonstandard, then K™ (M) is not an initial
segment of M, since a ¥,-elementary initial segment of a model of PA
satisfies B, 1. Let I be the initial segment generated by K™ (M), i.e.

I'={aeM;FIeK"(M)a<b} .

Then if n > 2, I is closed since I |= I¥,_1. In the case n = 1, replace
I by the smallest initial segment containing K™(M) that is closed under
exponentiation.

Define a satisfaction class

S:={(p,a); p €I and M = Sats, (p,a)} ,

which has the desired properties simply by definition.

Then obviously K™"(M) & K7 (M, S), since K™"(M) & I. On the other hand,
the above results imply that I & K7 (M, S), since K7 (M, S) cannot be an
initial segment of M.
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